A linear model for attenuation of waves is presented, with Q, or the portion of energy lost during each cycle or wavelength, exactly independent of frequency. The wave propagation is completely specified by two parameters, e.g., Q and Co, a phase velocity at an arbitrary reference frequency w0. A simple exact derivation leads to an expression for the phase velocity c as a function of frequency: C/Co = (w/w0)*, where 7 = (l/•r) tan -x (l/Q). Scaling relationships for pulse propagation are derived and it is shown that for a material with a given value of Q, the risetime or the width of the pulse is exactly proportional to travel 
INTRODUCTION
A fundamental feature associated with the propagation of stress waves in all real materials is the absorption of energy and the resulting change in the shape of transient waveforms.
Although a large number of papers have been written on the absorption of seismic waves in rocks, little, if any, general agreement exists about even the most fundamental properties of the processes involved. Table 1 shows a summary of the basic features of some of the different attenuation theories.
Early laboratory work on the absorption in rocks showed the loss per cycle or wavelength to be essentially independent of frequency. Since at that time no known linear theory could fit this observation, Born [ 1941] proposed that the loss was due to rate independent friction of the same kind as observed when two surfaces slide against each other. Kolsky [ 1956] and Lornnitz [1957] gave linear descriptions of the absorption that could account for the observed frequency independence and were also consistent with other independent observations of the transient creep in rocks and the change in shape of pulses propagating through thin rods. Despite this, and the fact that a satisfactory nonlinear friction model for attenuation has never been developed to the point where meaningful predictions could be made about the propagation of waves, nonlinear friction is commonly assumed to be the dominant attenuation mechanism, especially in crustal rocks [McDonal et al., 1958; Knopoff, 1964; White, 1966 A different type of theory for attenuation has been advocated by Ricker [1953 Ricker [ , 1977 . In his model the absorption is described by adding a single term to the wave equation. Because of this simplicity, the theory of the propagation of transient waves has been further developed than for the other theories. For this reason, wavelets based on the Ricker theo•ry have been commonly used in the computation of synthetic seismograms [Boore et al., 1971; Munasinghe and Farnell, 1973] , although the frequency dependence of Q that is implied by the model contradicts practically all experimental observations. In this paper, we will discuss some of the data Ricker interpreted as in support of his theory.
Recently, there has been renewed interest in the effects of anelasticity on the wave propagation in rocks. Liu et al. [ 1976] Copyright ¸ 1979 by the American Geophysical Union.
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found that the change in the elastic moduli implied by the attenuation over the frequency range covered by the seismic body waves and free oscillations, was about an order of magnitude greater than the uncertainty in the measurements. The models used by Liu et al. [1976] , as well as all of the other nearly constant Q (NCQ) models, have included at least one parameter that is in some way related to the range of frequencies over which the model gives Q nearly independent of frequency. How this cutoff is chosen appears to be quite arbitrary and the physical implications of the cutoff parameters are different between the models of Lornnitz [1957] , Futterrnan [ 1962] , Strick [ 1967] , and Liu et al. [ 1976] .
In this paper a linear description of attenuation is given that features Q exactly independent of frequency, without any cutoffs. The constant Q (CQ) model is mathematically much simpler than any of the NCQ models; it is completely specified by two parameters, i.e., phase velocity at an arbitrary reference frequency, and Q.
Most of the NCQ papers have described the wave phenomena in the frequency domain and have restricted their analysis to cases where Q is large (Q > 30). In contrast, the simplicity of the CQ description allows the derivation of exact analytical expressions for the various frequency domain properties such as the complex modulus, phase velocity, and the attenuation coefficient, that are valid over any range of frequencies and for any positive value of Q. In this paper more emphasis will be placed on the time domain description of transient phenomena, and exact expressions for the creep and relaxation functions and scaling relations for the transient wave pulse will be given. In addition, approximate expressions will be given for the impulse response, as a function of time, that results from a delta function excitation.
We will also show that when the frequency range is restricted and the losses are small, the results obtained from the various NCQ theories approach the same limit as those obtained from the CQ theory.
DEFINITIONS AND BACKGROUND
Seismic attenuation is commonly characterized by the quality parameter Q. It is most often defined in terms of the maximum energy stored during a cycle, divided by the energy lost during the cycle. When the loss is large this definition 
The fact that amplitude dependence of the propagation velocity and Q at strains less than 10 -8 has not been observed, strongly suggests that at these amplitudes the material response is dominated by linear effects, or in other words, the strain that results from a superposition of two stress functions is equal to the sum of the strains that result from the application of each stress function separately. When two effects are linearly related, the relationship may be expressed through a convolution. Thus the relationship between stress and strain in a linear material may be expressed as a(t) = re(t) * e(t)
e(t) = s(t) * a(t)
where a(t) is the stress as a function of time, e(t) is the strain, and re(t) and s(t) are real functions that vanish for negative time. The convolution operator * is defined by f(t)* g(t)=f_•f(t-t')g(t')dg (5)
The relationship between stress and strain given in (3) and ( 
and p is the density of the material.
THE CONSTANT Q MODEL
The development so far has been completely general; no assumptions other than linearity and causality have been made about the properties of the material. We will now examine a particular form for the stress-strain relationships and show that it leads to a Q that is independent of frequency. Frequency independent Q implies that the loss per cycle is independent of the time scale of oscillation; therefore it might seem reasonable to try a material that has a creep function that plots as a straight line on a log-log plot, or By substitution of (24) and (25) The required control may be obtained when the wave travels the same path more than once. Waves reflected off the coremantle interface may satisfy this condition for stations near the source. Assuming an average Q -160 and a travel time of 936 s for one pass of ScS [Jordan and Sipkin, 1977] , we obtain by a substitution into (34) a value for •/ = 1.0020. Equation (37) implies then that doubling the distance will result in a total traveltime of 1874.6 seconds for ScS2, which is 2.6 s longer than would be expected if the dispersion were not present. There are two difficulties inherent in Futterman's approach, which necessitate limits on the range where Q is nearly constant, at both low and high frequencies. Collins and Lee [1956] showed that the assumption of a nonzero limit for the phase velocity as frequency approaches zero, implies that Q must approach infinity at zero frequency. Futterman's formulation was based on a finite value of the refractive index at zero frequency and is thus incompatible with constant Q, where the phase velocity has no nonzero limit as frequency approaches zero. It can also been shown [e.g., Azimi et. al., 1968] , that a proportional to frequency at high frequencies leads to a violation of causality.
APPROXIMATIONS FOR TIME DOMAIN
It appears that these limitations, which are peculiar to Futterman's approach, have led many workers to assume that a physically realizable formulation with Q exactly independent of frequency was not possible. Liu et. al. [1976] and Kanamori and have used viscoelastic distributions to derive dispersion relations of the form shown in (58). Viscoelastic density functions are discussed in the appendix, and it is shown how the constant Q model can be derived from distributions of dashpots and springs.
DISCUSSION
Of the two assumptions that provide the basis for the constant Q model, linearity is the more fundamental, and it has also been more frequently questioned in the literature than the frequency independence of Q. Nonlinear, rate independent friction was originally proposed [e.g., Born, 1941 ] to explain the frequency independence of Q, since at that time no simple linear models were available that could account for this observation. As summarized in Table 1 , all of the nonlinear friction mechanisms that have been proposed have several features in common. These include the dependence of the effective elastic moduli on strain amplitude, proportionality of 1/Q to strain at low amplitudes, frequency independence of both Q and the moduli, distortion of waveforms and cusped stress-strain loops, and the absence of any transient creep or relaxation. Mindlin and Deresiewicz [1953] analyzed the losses due to friction between spheres in contact, and found the attenuation to be proportional to amplitude at low amplitudes. White [1966] claimed that the introduction of static friction into this model had the effect of making Q independent of amplitude. This claim cannot be correct since it may be shown [Mavko, 1979] , that static friction cannot increase the loss. Walsh [1966] The dependence of the wave velocity on frequency is such that it is difficult to separate it from the effects of spatial heterogeneities. There is however an increasing amount of evidence in support of the frequency dependence of the elastic moduli. Seismic models for the whole earth show much improved agreement with the free oscillation data when the frequency dependence of the elastic moduli is taken into account . It is also well established that for many rocks the elastic moduli derived from ultrasonic pulse measurements are significantly greater than the moduli derived from low frequency deformation experiments [Simmons and Brace, 1965] . This difference is generally larger for 1ossy materials. Gretener [1961] analyzed well logging data from several oil wells in Canada and found statistically significant differences between observed travel times from surface sources to geophones in wells and travel times predicted on the basis of high frequency continuous velocity logs. Strick [1971] showed that these differences could be explained by the dispersion associated with linear attenuation with Q nearly independent of frequency.
Brennan and Stacey [!977] measured both Q and elastic modu!i in low frequency deformation experiments, at strains of 10 -6, and found the moduli to vary with frequency as predicted by linearity. The stress-strain loops were elliptical although earlier experiments at larger amplitudes showed cusped stress-strain loops [McKavanagh and Stacey, 1974] .
Because the principle of superposition does not apply to the nonlinear solid friction models, it is difficult to predit their effects on the propagation of transient stress pulses. Walsh [1966] pointed out that the losses due to friction cannot be described through the use of complex moduli although this is frequently attempted [e.g., Johnston and Toksoz, 1977] . It is easily shown [e,g., Gladwin and Stacey, 1974] , that the use of complex frequency independent moduli leads to acausal waveforms that arrive before they are excited. 
CONCLUSIONS
Contrary to what has often been assumed in the past, it is possible to formulate a description of wave propagation and attenuation with Q exactly independent of frequency, that is both linear and causal. The wave propagation properties of materials can be completely specified by only two parameters, for example, Q and phase velocity at an arbitrary reference frequency. This simplicity makes it practical to derive exact expressions describing, in the frequency domain, the wave propagation for any positive value of Q. The dispersion that accompanies any linear energy absorption leads to a propagation velocity of any transient disturbance that is not only a function of the material, but also of the past history of the wave. Review of available data indicates that the assumption of linearity is well justified for seismic waves, but it is likely that Q is weakly dependent on frequency. There is, however, no indication that any of the NCQ theories that we have discussed provide a better description of the attenuation in actual rocks than the constant Q theory does.
APPENDIX: VISCOELASTIC MODELS
In the literature on viscoelasticity, it is common to describe the behavior of materials through networks of springs and dashpots, often characterized by either relaxation or retardation spectra. It has been claimed that only attenuation models given in terms of such networks are physically realizable, and models derived by other means have been termed 'ad hoc' [e.g., Minster, 1978a] .
While it is possible to give physical models for attenuation that can not be modeled by spring-dashpot networks, [e.g., Mavko and Nur, 1979] , the formulation of viscoelastic models in terms of relaxation spectra is often useful. Gross [1953] 
